An edge-coloured path is rainbow if its edges have distinct colours. An edge-coloured connected graph is said to be rainbow connected if any two vertices are connected by a rainbow path, and strongly rainbow connected if any two vertices are connected by a rainbow geodesic. The (strong) rainbow connection number of a connected graph is the minimum number of colours needed to make the graph (strongly) rainbow connected. These two graph parameters were introduced by Chartrand, Johns, McKeon and Zhang in 2008. As an extension, Krivelevich and Yuster proposed the concept of rainbow vertexconnection. The topic of rainbow connection in graphs drew much attention and various similar parameters were introduced, mostly dealing with undirected graphs. Dorbec, Schiermeyer, Sidorowicz and Sopena extended the concept of the rainbow connection to digraphs. In this paper, we consider the (strong) rainbow vertex-connection number of digraphs. Results on the (strong) rainbow vertex-connection number of biorientations of graphs, cycle digraphs, circulant digraphs and tournaments are presented.
Introduction
In this paper, we consider graphs and digraphs which are finite and simple. That is, we do not permit the existence of loops, multiple edges (for graphs), and multiple directed arcs (for digraphs). For any undefined terms about graphs and digraphs, we refer the reader to the book of Bollobás [3] .
The concept of rainbow connection in graphs was introduced by Chartrand et al. [6] . An edge-coloured path is rainbow if its edges have distinct colours. For a connected graph G, an edge-colouring is rainbow connected if any two vertices of G are connected by a rainbow path. The rainbow connection number of G, denoted by rc(G), is the smallest possible number of colours in a rainbow connected edge-colouring of G. An edge-colouring of G is strongly rainbow connected if for any two vertices u and v, there exists a rainbow u − v geodesic, i.e., a rainbow u − v path of minimum length. The strong rainbow connection number of G, denoted by src(G), is the smallest possible number of colours in a strongly rainbow connected edge-colouring of G. Clearly, we have diam(G) ≤ rc(G) ≤ src(G), where diam(G) is the diameter of G. As an analogous setting for vertex-colourings, Krivelevich and Yuster [9] proposed the concept of rainbow vertex-connection. A vertex-coloured path is rainbow if its internal vertices have distinct colours. A vertex-colouring of G is rainbow vertex-connected if any two vertices are connected by a rainbow path. The rainbow vertexconnection number of G, denoted by rvc(G), is the smallest possible number of colours in a rainbow vertex-connected vertex-colouring of G. Likewise, a vertex-colouring of G is strongly rainbow vertex-connected if for any two vertices u and v, there exists a rainbow u − v geodesic. The strong rainbow vertex-connection number of G, denoted by srvc(G), is the smallest possible number of colours in a strongly rainbow vertex-connected vertexcolouring of G. The parameter srvc(G) was introduced by Li, Mao and Shi [11] . An easy observation is that diam(G)−1 ≤ rvc(G) ≤ srvc(G), and both equalities hold if diam(G) = 1 or 2. For more results on rainbow vertex-connection, we refer to [12, 15] . It was also shown that computing the rainbow (vertex-)connection number of an arbitrary graph is NP-hard [4, 5, 7] . For more results on the rainbow connection and rainbow vertex-connection of graphs, we refer to the survey [13] and the book [14] .
Recently, Dorbec et al. [8] extended the concept of rainbow connection to digraphs. Given a digraph D, a directed path, or simply a path P in D, is a sequence of vertices x 0 , x 1 , . . . , x ℓ in D such that x i−1 x i is an arc of D for every 1 ≤ i ≤ ℓ. P is also called an x 0 − x ℓ path, and its length is the number of arcs ℓ. An arc-coloured path is rainbow if its arcs have distinct colours. Let D be a strongly connected digraph, i.e., for any ordered pair of vertices (u, v) . In [1, 2] , the authors also studied the (strong) rainbow connection number of some classes of digraphs.
In this paper, we extend the concept of rainbow vertex-connection to digraphs. A vertexcoloured path in a digraph is rainbow if its internal vertices have distinct colours. A vertexcolouring of D is rainbow vertex-connected if for any ordered pair of vertices (u, v) We shall present some results regarding the functions → rvc(D) and → srvc(D). In Section 2, some basic results for general digraphs are proved. In Section 3, we consider the two parameters for the biorientations of some graphs, cycle digraphs, and circulant digraphs. Finally in Section 4, we shall prove some results for tournaments. Many of our results will be the (strong) rainbow vertex-connection versions of some of the results in [1, 2, 8] .
Definitions, remarks and basic results
We begin with some definitions about digraphs. For a digraph D, its vertex and arc sets are denoted by V (D) and A(D). For u, v ∈ V (D), the distance from u to v (i.e., the length of a shortest u − v path) in D is denoted by d(u, v). If uv, vu ∈ A(D), then we say that uv and vu are symmetric arcs. If uv ∈ A(D) and vu ∈ A(D), then uv is an asymmetric arc. If uv ∈ A(D) is an arc, then v is an out-neighbour of u, and u is an in-neighbour of v. The out-degree (resp. in-degree) of u is the number of out-neighbours (resp. in-neighbours) of u. A tournament is a digraph where every two vertices have one asymmetric arc joining them. Given a graph G, its biorientation is the digraph ↔ G obtained by replacing each edge uv of G by the pair of symmetric arcs uv and vu.
For X ⊂ V (D), the subdigraph of D induced by X is denoted by D [X] . Let H be another digraph, and u ∈ V (D). We define D u→H to be the digraph obtained from D and H by replacing the vertex u with a copy of H, and replacing each arc xu (resp. ux) in D by all the arcs xv (resp. vx) for v ∈ V (H). We say that D u→H is obtained from D by expanding u to H. Note that the digraph obtained from D by expanding every vertex to H is also known as the lexicographic product D • H.
Let K n and P n denote the complete graph and the simple path of order n, respectively. For n ≥ 3, let C n and → C n denote the cycle and directed cycle of order n, i.e., we may let V ( C. Now, we shall present some remarks and basic results for the rainbow vertex-connection and strong rainbow vertex-connection numbers, for general digraphs. We first note that in a rainbow vertex-connected colouring of a strongly connected digraph D, there must be a path between some two vertices with at least diam(D) − 1 colours. Thus, we have the following proposition. 
It is easy to see that the bioriented paths ↔ P n , for n ≥ 2, form an infinite family of graphs where we have equalities in the first two inequalities in (1) . Also, it is not difficult to see that for every directed cycle → C n with n ≥ 5, we have equalities in the last two inequalities in (1) . These two results will be included in Theorem 7 and Proposition 8. Moreover, either of the conditions of (iii) implies any of the conditions of (i). We remark that in Theorem 2(b), no other implication exists between the conditions of (i) to (iii). Obviously, the conditions of (i) and those of (ii) are mutually exclusive. Thus by the "moreover" part, the conditions of (ii) and those of (iii) are also mutually exclusive. Now, there are infinitely many examples of digraphs D where the conditions of (i) hold, but those of (iii) do not hold. For example, let u be a vertex of the directed cycle → C 3 , and let D n be the digraph on n ≥ 3 vertices, obtained from → C 3 by expanding u to ↔ K n−2 . Then, we have → rainbow connected colouring c of D 1 , using at most six colours, say colours 1, 2, 3, 4, 5, 6. For 1 ≤ i ≤ 4, we see that the arcs u i v i must have distinct colours. Otherwise we can find two vertices such that any geodesic in D 1 connecting them is not rainbow. Hence, we may assume that c(u i v i ) = i, for 1 ≤ i ≤ 4. For the same reason, the arcs v 1 x, xy and yu 3 must each have a colour different from 1, 2, 3, 4, and they must also have distinct colours, since v 1 xyu 3 is the unique v 1 − u 3 geodesic in D 1 . However, only the colours 5 and 6 are available for these three arcs, a contradiction. Hence We may apply a fairly similar argument for the digraphs D 2 and H 2 . Again, we can easily check that the vertex-colouring for H 2 in Figure 1 (b) is strongly rainbow vertex-connected, and that diam(H 2 ) = 9. Thus → srvc(H 2 ) = 8. Now suppose that there is a strongly rainbow vertex-connected colouring of D 2 , using colours 1, 2, . . . , 8. Notice that any two cutvertices must receive distinct colours, and thus without loss of generality, we may assume that w 1 , w 2 , w 3 , w 4 , x, y have colours 1, 2, 3, 4, 5, 6. Next, we see that v 1 , u 3 and z must each have a colour different from 1, 2, . . . , 6, otherwise we can find two vertices such that any geodesic in D 2 connecting them is not rainbow. Moreover, v 1 , u 3 and z must have distinct colours, since u 1 v 1 w 1 xzyw 3 u 3 v 3 is the unique u 1 −v 3 geodesic in D 2 . However, only the colours 7 and 8 are available for these three vertices, a contradiction. Hence In [9] , Krivelevich and Yuster observed that for rc(G) and rvc(G), we cannot generally find an upper bound for one of the parameters in terms of the other. Indeed, let s ≥ 2. By taking G = K 1,s , we have rc(G) = s and rvc(G) = 1. On the other hand, let G be constructed as follows. Take s vertex-disjoint triangles and, by designating a vertex from each triangle, add a complete graph K s on the designated vertices. Then rc(G) ≤ 4 and 
Rainbow connection of some specific digraphs
In this section, we shall determine the (strong) rainbow vertex-connection numbers of some specific digraphs. For n ≥ 3, the wheel W n is the graph obtained by taking the cycle C n , and joining a new vertex v to every vertex of C n . For t ≥ 2, let K n 1 ,...,nt denote the complete t-partite graph with class-sizes n 1 , . . . , n t . The following theorem determines the two parameters for the biorientations of paths, cycles, wheels, and complete multipartite graphs.
Theorem 7.
(a) For n ≥ 2,
(d) Let t ≥ 2, and let K n 1 ,...,nt be a complete t-partite graph with n i ≥ 2 for some i. Then,
Proof. For each part, by Proposition 3, it suffices to show that the corresponding graph G has either rvc(G) or srvc(G) equal to the required value. Then, since it is easy to see that rvc(P n ) = srvc(P n ) = n − 2 for n ≥ 2, part (a) follows. Parts (c) and (d) follow similarly, and they can also be deduced from Theorem 2(b), since the diameter of each digraph in consideration is 2. We may also refer to [11] , Corollary 1.2. By [10] , Theorem 2.1, we also have the result for
. It remains and suffices to determine srvc(C n ). For n = 3, 4, 5, 6, 8, 9, 10, 12, consider a rainbow vertex-connected vertex-colouring of C n , using at most rvc(C n ) colours. For any two vertices x, y of C n , there is a rainbow x − y path with length at most rvc(C n ) + 1 ≤ ⌊ n 2 ⌋, which therefore is also a rainbow x − y geodesic. This implies that srvc(C n ) = rvc(C n ). For n = 7, note that the vertex-colouring of C 7 where the vertices have colours 1, 2, 1, 2, 1, 2, 3, in that order around the cycle, is strongly rainbow vertex-connected. It follows that srvc(C 7 ) = rvc(C 7 ) = 3. Finally, let n = 11 or n ≥ 13. It is easy to see that the vertex-colouring of C n where the colours are 1, 2, . . . , ⌈ n 2 ⌉, 1, 2, . . . , ⌊ n 2 ⌋, in that order around the cycle, is strongly rainbow vertex-connected. Hence, srvc(C n ) ≤ ⌈ n 2 ⌉, and for n = 11, 13, 15, we have ⌈
For n = 11, 13, 15, suppose that we have a vertexcolouring of C n , using at most ⌈ n 2 ⌉ − 1 colours. Then, there are three vertices with the same colour, and two of them, say u and v, are connected by a path P with length at most ⌊ n 3 ⌋. Let x and y be the neighbours of u and v not in P . Then, the x − y path containing P has length at most ⌊ n 3 ⌋ + 2 = ⌊ n 2 ⌋, and is therefore the unique x − y geodesic. It follows that there is no rainbow x − y geodesic, so that srvc(
We remark that we have the somewhat surprising fact that → srvc( ↔ C 11 ) = srvc(C 11 ) = 6, which is greater than → srvc( ↔ C 12 ) = srvc(C 12 ) = 5. Next, we have the following result for directed cycles.
Proof. It is easy to see that 
Before we state our results for → rvc(D) and → srvc(D), we make some definitions. For a simple path P and its biorientation ↔ P , we write ℓ( ↔ P ) for the length of P , and say that ℓ( 
In Figure 2 • k = 1.
• D = D 1 with n ≤ 8, or with n ≥ 9 and ℓ(
• D = D 4 with n = 4.
(ii) → srvc(D) = n − 1 if one of the following holds.
• D = D 1 with n ≥ 9, and ℓ(
• D = D 3 with 5 ≤ n ≤ 10, or with n ≥ 11 and ℓ(
• D = D 4 with 5 ≤ n ≤ 8, or with n ≥ 9 and ℓ( Proof. (a) Let x, y ∈ V (D), and suppose that there exists an x − y path P in D which is not rainbow. Then, P has internal vertices u and v with c(u) = c(v). The stated property implies that x and y belong to a rainbow bioriented path, and therefore there is a rainbow x − y path. It follows that c is a rainbow vertex-connected colouring of D.
(b) Suppose that c has the additional property as stated. Let x, y ∈ V (D). Then, either every x− y path in D is rainbow, so there certainly exists a rainbow x− y geodesic. Or, there exists an x − y path in D which is not rainbow. By the previous argument and using the additional property, there is a rainbow x − y path of length at most ⌊ n 2 ⌋, which is therefore a geodesic. Hence, c is a strongly rainbow vertex-connected colouring of D. srvc(D) = 1 = n − 2 if n = 3. For n ≥ 4, let the asymmetric arcs of D be as described in the first part of (a). That is, for D 1 , they are v n−1 v 0 and v ℓ v ℓ+1 , for some 0 ≤ ℓ ≤ n − 3. Moreover, for n ≥ 9, the condition ℓ( 
Cv ℓ+2 is the unique v n−1 − v ℓ+2 geodesic, since it has length ℓ + 3 ≤ ⌈ n 2 ⌉ − 1. In either case, the unique geodesic in consideration is not rainbow.
Finally, let D = D 4 , so that n ≥ 9, and either ℓ( This completes the proof of Theorem 10.
Our next aim is to consider the (strong) rainbow vertex-connection numbers of circulant digraphs. For an integer n ≥ 3 and a set S ⊂ {1, 2, . . . , n − 1}, the circulant digraph C n (S) is defined to be the digraph with vertex set V (C n (S)) = {v 0 , v 1 , . . . , v n−1 } and arc set A(C n (S)) = {v i v j : j − i ≡ s (mod n), s ∈ S}. Throughout, the subscripts of the vertices are taken cyclically modulo n. An arc v i v j , where j − i ≡ s (mod n) for s ∈ S, is called an s-jump. Given an integer k ≥ 1, let [k] = {1, 2, . . . , k}. In [1] , Alva-Samos and Montellano-Ballesteros proved the following result.
Here, we shall similarly consider 
where the latter holds for n sufficiently large.
(b) Let n = ak + 1, where a ≥ 3.
(c) Let n = ak, where a ≥ 3.
Proof. For convenience, we write D = C n ([k]) throughout. We first derive some facts about D, and auxiliary bounds for 
Next, we prove a stronger upper bound for
Proof. Let n = ak + b for some a ≥ 2 and 1 ≤ b ≤ k − 1, and gcd(n, k) = g. We have g vertex-disjoint directed cycles
where each cycle is a copy of 
(b) Let n = ak + 1, where a ≥ 3. Note that since gcd(n, k) = 1, we have the directed cycle 
geodesic, which contains a − 1 internal vertices, and so must be rainbow. This means that any a − 1 consecutive vertices of → C must have distinct colours, which is a contradiction since a − 1 ∤ n. Thus,
k by (5) . Now, let a < k + 2. We define the vertex-colouring c of D, using colours 0, 1, . . . , a − 1,  as follows. First, let c(v 0 ) = c(v (a−1) 
We then colour the remaining vertices with colours 1, 2, . . . , a − 1, 1, 2, . . . , a − 1, . . . , starting from  v k , v 2k , . . . and going around → C, omitting the vertices already coloured with 0. Note that colour 0 appears k + 1 times, and every other colour appears k times. In − 1) . We show that c is a strongly rainbow-vertex connected colouring for D. Let v i , v j ∈ V (D). We will show that there is a rainbow v i − v j geodesic.
For a = 3, it suffices to consider d(v i , v j ) = 3. Thus, we have v j ∈ {v i+2k+1 , . . . , v i+3k−1 }. Note that a k-jump starting at a vertex in V 1 ∪ V 2 connects two vertices of distinct colours. The same is true for a (k − 1)-jump starting at a vertex in
and note that v i+k ∈ V 0 \ {v 0 }. In every case, we have a rainbow v i − v j geodesic. Hence, 
Tournaments
We now study the (strong) rainbow vertex-connection numbers of tournaments. Our first aim is to consider the range of values that the (strong) rainbow vertex-connection number can take, over all strongly connected tournaments of a given order n ≥ 3. Clearly, → C 3 is the only such tournament of order 3, and
, there is also a unique tournament, namely T 4 , which is the union of
For the rainbow connection analogue, we have
For the rest of this section, we mainly restrict our attention to n ≥ 5. Dorbec et al. [8] proved the following results.
Theorem 17. [8]
If T is a strongly connected tournament with n ≥ 5 vertices, then 2 ≤ → rc(T ) ≤ n − 1.
Theorem 18. [8]
For every n and k such that 3 ≤ k ≤ n − 1, there exists a tournament T n,k on n vertices such that → rc(T n,k ) = k.
They also remarked that there does not exist a tournament on 4 or 5 vertices with rainbow connection number 2, and that such a tournament exists if the order is 8 (mod 12). In response, Alva-Samos and Montellano-Ballesteros [2] proved the following result.
Theorem 19. [2]
For every n ≥ 6, there exists a tournament T n on n vertices such that
In Theorems 20 and 21 below, we have the (strong) rainbow vertex-connection versions of the above results.
Theorem 20. If T is a strongly connected tournament on n ≥ 3 vertices, then 1 ≤
Proof. The theorem holds for n = 3, 4. Now, let n ≥ 5. Clearly, we have
by Theorem 2(b), and we are done. Now, let d ≥ 3. Let u, v ∈ V (T ) be such that d(u, v) = d, and let P be a u − v geodesic. Let u ′ , v ′ ∈ V (P ) be the vertices where uv ′ , u ′ v ∈ A(P ), and note that u, u ′ , v, v ′ are distinct. Then, it is easy to see that
We let c be the vertex-colouring of T such that c(u) = c(u ′ ) = 1, c(v) = c(v ′ ) = 2, and the remaining vertices are given the distinct colours 3, 4, . . . , n − 2. We claim that c is a strongly rainbow vertex-connected colouring for T . We consider two cases.
Let x, y ∈ V (T ), and Q be an x − y geodesic. Suppose that Q is not rainbow, so that
. Now, let the vertices x, u ′ , u, y occur in this order along Q. Since Q is an x − y geodesic, we have uw ∈ A(T ), where w is the vertex with wu ′ ∈ A(Q) (note that we may possibly have w = x). Then uwu ′ is a u − u ′ path of length 2 in T , which is a contradiction to d(u, u ′ ) = d − 1 ≥ 3. Hence, Q is a rainbow x − y geodesic.
In this case, we have P = uv ′ u ′ v, and u ′ u, vv ′ , vu ∈ A(T ). Let x, y ∈ V (T ), and Q be an x − y geodesic. Suppose that Q is not rainbow, so that d(x, y) = 3. We claim that there exists another x − y geodesic in T which is rainbow.
Since u ′ u ∈ A(T ), we have Q = xu ′ uy. We have xu ′ , u ′ v ∈ A(T ), so that x = v, and vu, uy ∈ A(T ), so that y = v. Note that we may possibly have x = v ′ or y = v ′ . Also, we have vy ∈ A(T ), otherwise if yv ∈ A(T ), then uyv is a u− v path of length 2, a contradiction. Hence, we may take xu ′ vy.
Since vv ′ ∈ A(T ), we have Q = xvv ′ y. We have xv, vu ∈ A(T ), so that x = u, and uv ′ , v ′ y ∈ A(T ), so that y = u. Note that we may possibly have x = u ′ or y = u ′ . Also, we have xu ∈ A(T ), otherwise if ux ∈ A(T ), then uxv is a u−v path of length 2, a contradiction. Hence, we may take xuv ′ y.
In both Subcases 2.1 and 2.2, we have found a rainbow x − y geodesic of length 3. We conclude that in all cases, c is a strongly rainbow vertex-connected colouring for T . Therefore
Theorem 21. For n ≥ 5 and 1 ≤ k ≤ n − 2, there exists a tournament T n,k on n vertices such that
Proof. We first consider the case k = 1. By Theorem 2(b), it suffices to find a tournament T n,1 on n ≥ 5 vertices such that → rvc(T n,1 ) = 1. By Theorems 2(b) and 19, we see that such a tournament T n,1 exists for every n ≥ 6. For n = 5, we let T 5,1 be the tournament which is the union of two copies of
We first consider the case n = k + 2, and construct a tournament T k+2,k such that (6) holds. Let V (T k+2,k ) = {v 0 , . . . , v k+1 }, and
Therefore, (6) holds for T k+2,k , by (1) . Finally, let n > k + 2. We construct a tournament T n,k such that (6) holds. Let T be a tournament on n − k − 1 vertices, and let T n,k = (T k+2,k ) v 0 →T , which is obtained from T k+2,k by expanding v 0 to T . Then, note that we have diam(T n,k ) ≥ k + 1, which again gives → rvc(T n,k ) ≥ k. Now, we extend the colouring c on T k+2,k to a colouring c ′ on T n,k by letting
We claim that c ′ is a strongly rainbow vertex-connected colouring for T n,k . Let x, y ∈ V (T n,k ). A similar argument as for T k+2,k shows that, there exists a rainbow x−y geodesic in T n,k , if we do not have x, y ∈ V (T ). Now, let x, y ∈ V (T ). Then, we have exactly one of the following three situations.
• xy ∈ A(T ) ⊂ A(T n,k ).
• xy ∈ A(T ), and there exists z ∈ V (T ) such that xzy is a path in T ⊂ T n,k .
• xy ∈ A(T ), and there does not exist z ∈ V (T ) such that xzy is a path in T ⊂ T n,k .
Then, xv 1 v 2 y is a rainbow x − y geodesic in T n,k , since k ≥ 2.
In each case, we have a rainbow x − y geodesic in T n,k , and the claim holds. Therefore, → srvc(T n,k ) ≤ k. Again (6) holds, by (1).
In [8] , Dorbec et al. also proved the following result, which shows that the rainbow connection number of a tournament is in fact closely related to its diameter.
Here, we shall use a similar method and prove an analogous result for the rainbow vertexconnection number, as follows.
Proof. The theorem holds for d = 2, since then we have → rvc(T ) = 1 by Theorem 2(b). Now, let d ≥ 3. Clearly, the lower bound follows from (1). We prove the upper bound by constructing a vertex-colouring c of T , using colours 1, 2, . . . , d − 1, α, β, γ, δ. As in [8] , we consider the following decomposition of T . Let a ∈ V (T ) be a vertex with eccentricity d, i.e., there exists a vertex of T at distance d from a. For 1 ≤ i ≤ d, let V i denote the set of vertices at distance i from a. Then, every V i is non-empty. Note that ua ∈ A(T ) for every u ∈ V i with 2 ≤ i ≤ d, and uv ∈ A(T ) whenever u ∈ V i , v ∈ V j and i − j ≥ 2. Let p ∈ V 1 have maximum in-degree in T [V 1 ], and q ∈ V d have maximum out-degree in T [V d ]. Now, we define the vertex-colouring c as follows.
•
• c(p) = α, and c(v) = 1 for v ∈ V 1 \ {p}.
• c(a) = c(q) = β, and c(v
Next, we update c by considering a p − q geodesic P . Note that we have |A(P )| = d − 1 or |A(P )| = d. Thus, we consider these two cases.
(i) If |A(P )| = d − 1, then P must contain one arc from V i to V i+1 , for every 1
Let r be the vertex of P in V d−2 . We recolour r by letting c(r) = γ.
(ii) If |A(P )| = d, then P must contain one arc from V i to V i+1 , for every 1 ≤ i ≤ d − 1, and one arc from
, then let r be the vertex of P in V d−2 , and st be the arc of P in V k . If k = d − 2, then let sr be the arc of P in V d−2 . In either case, we recolour r and s by letting c(r) = γ and c(s) = δ.
The situation in (ii) is shown in Figure 3. . . Now, we prove that c is a rainbow vertex-connected colouring for T , which implies the theorem. Let x, y ∈ V (T ). We show that there always exists a rainbow x − y path. This is true if x = a. Let x ∈ V 1 ∪ {a}. If y = a, then xy ∈ A(T ). Otherwise, y ∈ V j for some 1 ≤ j ≤ d. Let Q be an a − y geodesic, which contains one vertex in each of V 1 , . . . , V j . If x ∈ V (Q), then Q contains a rainbow x − y path. Otherwise, x ∈ V (Q), and xa ∪ Q is a desired path.
Hence, suppose that x ∈ V 1 . Note that by the choice of p, if x = p, then either xp ∈ A(T ), or there exists w ∈ V 1 such that xwp is a path. Indeed, if xp ∈ A(T ) and no such w exists in V 1 , then in T [V 1 ], the set of in-neighbours of x contains p, and all in-neighbours of p. Thus, x contradicts the choice of p. Hence in T [V 1 ], there is an x − p path P ′ of length at most 2. Now, consider y ∈ V d−1 ∪ V d . If y ∈ V (P ′ ∪ P ), then P ′ ∪ P contains a rainbow x − y path. Otherwise, P ′ ∪ P ∪ qy is a desired path. Next, if y ∈ V d , then by a similar argument as for T [V 1 ], we have a q − y path P ′′ of length at most 2 in T [V d ], by the choice of q. We have P ′ ∪ P ∪ P ′′ is a desired path. Finally, let y ∈ V d−1 . If ry ∈ A(T ) in (i) or (ii), or sy ∈ A(T ) in (ii), then P ′ ∪ P ∪ ry or P ′ ∪ P ∪ sy contains a rainbow x − y path. Otherwise, we can find an in-neighbour of y in V d−2 , say z. Note that z exists by considering an a − y geodesic, and that z = r in (i), or z ∈ {s, r} in (ii). Then, P ′ ∪ P ∪ qzy is a desired path.
